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Abstract. We prove the dispersionless Hirota equations for the dis- 
persionless Toda, dispersionless coupled modified KP and dispersionless 
d ' KP hierarchies using an idea from classical complex analysis. We also 

prove that the Hirota equations characterize the tau functions for each 
of these hierarchies. As a result, we establish the links between the 
C**) ' hierarchies. 

> 

*0 ' 1. Introduction 

o : 

■ Dispersionless integrable hierarchies have been under active research in 
recent years (see, e.g. Q3J H3 EU 1201 HI E3 ) • One of the reasons is due to 

■ its close relation with the other area of mathematics and physics, such as 
topological field theory, string theory, 2D-gravity, matrix models and con- 
formal maps (see, e.g. [H EH E ELT1 III H EH HS1 EGO H 113 CHI)- The tau 
functions of the dispersionless integrable hierarchies play an important role 
in topological field theories (H3E31) for they give solutions to the so-called 
WDVV equation. Conversely, in [4., it was proved that the tau functions 
of the dispersionless KP (dKP) and dispersionless Toda (dToda) hierarchies 
satisfy the associativity equation. One of the main ingredients of the proof 

^ ■ of [I] is the dispersionless Hirota equations satisfied by the dKP and dToda 

hierarchies. The dispersionless Hirota equation for the dKP hierarchy was 
first derived by Takasaki and Takebe [2Hj as the dispersionless limit of the 
differential Fay identity. Later, the Hirota equation was further studied by 
Carroll and Kodama 0. In connection to confer mal mappings which give 
rise to solutions of the dToda hierarchy, Wiegmann, Zabrodin et al derive 
the Hirota equations for the dToda hierarchy |25| 1161 113j . In this paper, 
we point out that these Hirota equations are closely related to some con- 
cepts in classical complex analysis, namely Faber polynomials and Grunsky 
coefficients. 

In Section 2, we review some concepts from classical complex analysis. 
We define some classes of formal power series which appear in dKP, dcmKP 
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(dispersionless coupled modified KP , see [21] ) and dToda hierarchies. We 
generalize the definition of the Grunsky coefficients and Faber polynomials 
to these classes of formal power series and review their properties. In Section 
3, we review the dToda, dcmKP and dKP hierarchies and their tau functions. 
We derive the dispersionless Hirota equations by establishing the relation 
between the tau functions and the Grunsky coefficients. We also prove that 
the dispersionless Hirota equations for each of these hierarchies uniquely 
characterize the tau functions of their solutions. As a corollary, we show 
that some solutions of the dToda hierarchy will give rise to solutions of 
dcmKP hierarchy, which in turn will give rise to solutions of dKP hierarchy. 

2. Algebraic analysis 

2.1. Spaces of formal power series. We consider the following classes of 
formal power series : 



E = | 5 (z) = bz + b + ^ + ■ ■ ■ = bz + J2 b nz~ n -,b ^ Oj , 
f b 00 1 

E = <g(z) = z + b + j. + ... = z + Y J Kz- n \, 

E = L(z) =z+^ + ^ + ... = z + fy, n z- n Y 

E can be considered as completion 1 of the space of analytic functions 
that fix the point oo and univalent in a small neighbourhood of oo. E 
and So are subspaces of E consist of formal power series satisfying certain 
normalization conditions. By post-composing g G E with the linear map 
z i — > (l/b)z, we get a function g in E. Further post-composition with the 
linear map z \— ► z — bo, we get a function go in Eo- As their counterpart, we 
consider another three classes of formal power series: 



S = \f( z ) = aiZ + a2z2 + a 3 z3 + • • • = X/ anZ ™' ai ^ °| ' 
S = ff(z) = z + a 2 z 2 + a 3 z 3 + ... = z + ^a n 2; n | , 

( oo 

So = < f(z) = z + a 3 z 3 + a 4 z 4 + . . . = z + a n i 



n=3 



^The completion is with respect to the filtration Ejv 
{g{z) =bz + E^ =JV b n z~ n , b / 0} on E. 
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S can be considered as completion of the space of analytic functions fixing 
the point and univalent in a neighbourhood of 0. S and So are subspaces 
of S consist of formal power series subjecting to additional normalization 
conditions. By post-composing / G S with the linear map z h-> (l/ai)z, 
we get a function / G S. Further post-composition with the Mobius trans- 
formation z i — ^ z/(l + ci2z), we get a function /o G So- Observe that the 
map 




is a bijection between S and S, S and E, So an d So respectively. 



2.2. Faber polynomials and Grunsky coefficients. We review and gen- 
eralize some concepts from classical complex analysis. For details, see |171 

H2|. 

One of the important problems in classical complex analysis is the deter- 
mination of the upper bound satisfied by the coefficients of a n 's in order that 
/ G S is univalent on the unit disc. A lot of effort has been devoted to the 
proof of the famous Bieberbach conjecture (1916) : If / G S is univalent on 
the unit disc, then \a n \ < n 2 . In the early attempts of the proof, one of the 
important tools is the Grunsky's inequality and its generalization. In 1939, 
Grunsky found a sequence of inequalities that should be satisfied by the so 
called Grunsky coefficients in order that g G X is univalent on {z | \z\ > 1}. 
Surprisingly, we found this Grunsky coefficients appear everywhere in dis- 
persionless limit of integrable hierarchies (especially in association with tau 
functions) without being realized its connection to complex analysis. This 
is the purpose of this paper to point out this connection, and thus give 
simplified proofs of some of the facts related to dispersionless integrable 
hierarchies. 

First, we introduce the Faber polynomials. For g G £ that is analytic 
in a neighbourhood of oo and w G C, consider the function log 9 ^~ w ■ It 
defines an analytic function for large \z\ and vanishes at co. Hence it has an 
expansion at oo which can be written as 

(2.1) log g(z ~ W =-f 

bz ^ n 

n=l 

<3? n is called the n-th Faber polynomial of g. Differentiate (|2.1|) with respect 
to z and define <&o(w) = 1, we have 

(2.2) -^f^ = ^d>„,Hz— 1 . 



This conjecture was completely proved by de Branges in 1984 0. 
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Putting g(z) = bz + b$ + Y^=x b n z~ n into this expression, we have 

OO / OQ \ / i CO \ 

b-Y^nbnZ-™- 1 = Uz + b -W + ^2b n Z- n ) (L+J2^nZ- n - 1 \ . 
n=l \ n=l / \ n=l J 

Comparing coefficients, we have 

t / \ io - b 
$i(w) = — ^ — 

and the recursion formula 

w — b 1 n 1 6 

*„+i(w) = W ° $n('w) - - b n - k $ k {w) - (n + l)y, 

fc=i 

which can be used to solve for $ n . From this, we see that <& n (w) is a 
polynomial of degree n of the form 

$nM = 7 - Tl — 



w 




bo 




b 




w 




b 




b 




w 




bo 


b 



b J b \ b 
The first few are given by 

< . / w — bn\ 2 b\ 

(-^) " 3 T-^- 3 p 

Mw) j 4 _ 4 (^) 2 _ 4^ + 2 (|) 2 _ 4. 

Now we introduce the Grunsky coefficients. If g £ E is univalent in a 



neighbourhood U of oo, the function log _^ ^ is analytic in the neigh- 



g(*)-g(C) 

bourhood ?7 x [7 of (oo, oo). Its expansion about (oo, oo) has the form 

(2.3) log 9{z \ -_ 9{c) = log b - J2 f; w-c" 

m=l ra=l 

6 mn 's are known as Grunsky coefficients of g. They are symmetric, i.e. 
bmn = b nm . If we put w = g(() into (|2.1|) , we have 

oo 1 

I Z 

n 

n=l 

Compare with (|2.3f) . we have 



log = log 6 - £ i (*„G,(0) - C) ^ 



(2.4) $n(5(C)) = C n + n^6„ m r m - 

m=l 

In fact, the Faber polynomials can be uniquely characterized as follows: 
If P n (w) is a degree n polynomial such that P n (g(Q) — Q n — > as C — } °°i 
then P n = $ n . 
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Since $i(w) = (w — bo)/b, the n = 1 case of (|'2.4j) gives 

oo 

9(0 =b( + b + bJ2 hmC m - 

m=l 

Hence bi m = b m \ = b m /b. In fact, using the recursion formula for Q n and 
((23), we can recursively solve for b nm 's. The first fews are given by 

, b-ilfbA 2 b A b x b 2 b,hb 3 fb 2 \\ 1 

b22 -J + 2{j) ' 623 -T + -£T' h3 -J + -gr + {-b) +3 

There is another characterization of the Faber polynomials which plays an 
important role in our discussion later. Let z = G{w) = w/b + ^^L c nW~ n 
be the inverse function of w = g(z) in the neighbourhood U where g is 
univalent. The coefficients c n can be solved recursively, cq = —b$/b and for 
n > 1, Cn is a polynomial in b, bo, b±, . . . , b n . Let C be a simple closed curve 
winding negatively about the point oo, lying entirely in U. Then C = g(C) 
is also a simple closed curve winding negatively about oo. Observe that 
the line integral of a function (l/2m)f along C (or C) amounts to taking 
residue of / with respect to oo. Hence from (|2.2[l . we have 



2vri Jc g{z) - w 

Making a change of variable z = G(Q or equivalently £ = g(z), we have 

If G(C) n 
2vr? Jc (-w 



Using the expansion about £ = oo, G(£) n = X^m=-oo c n,m( m and 1/(C — w ) = 
X^fct=o u ' fc< ' _fe_1 ' we obtain immediately <3? n (^) = Sm=o c n,mW m . Namely, 
is the polynomial part of G(w) n , which we denote by (G(u>) n )>o, i.e. 



(2.5) #nH = (G(t«) n : 



>0- 



In general, if A = X]^ = _ 00 A n w n is a formal power series, and S a subset of 
integers, we define (A)g = ^2 n£S A n w n '. 

The Grunsky coefficients are generalized to a pair of functions / and g 
as follows. Let / £ S be univalent in a neighbourhood V of and g E £ 
be univalent in a neighbourhood U of oo. We say that (/, g) are disjoint 
relative to (U,V) if the sets f(V) and <?(?/) are disjoint. In this case, the 
functions 

logfeg), log ^»-/K», hg/W-ZW 
z — C ^ -2 — C 
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are analytic in U x U , U x V and V x V respectively. Hence we can write 
down their series expansion about (00,00), (00, 0) and (0,0) respectively: 

(2.6) log My® = _ f; f; bmnZ - c n , 

m=l n=l 

(2.7) log 9{z) ~ m = - f; f; b m ,„ n z-™c, 



(2.8) log m ~J}° = - E E 6-m,-»« m c B - 



m=l n=0 

00 00 



m=0 n=0 



Obviously, when m, n are both positive or both negative, b mn = b nm . Hence 
for m > 0, n > 0, we define 6_ m ri = 6 n _ m . Letting C = in (H7J) and (t2~%l) . 
we obtain 



(2.9) log ^ = - E b m ,oz- m , log ^ = - E 6 — 



00 

m 



m=l m=0 



In particular, 600 = ~~ logai- We define the generalized Faber polynomials 
^ n {w) for / by 



(2.10) log W ~ f{z) = log M - V 

n=l 

To see the relations between \& n and the Grunsky coefficients, we define 
the function gj £ £ by 

Using the second equation in (|2,9j) . equations (|2.7|) . (j2,8j) and (|2.1()j) can be 

rewritten in terms of gf. 



{2A1) log ( 1 -^K)J = -SS^"* r " 



(2.12) log a/ M-9/(C) = _ logai _ £ £ ^^ ri 

2 S 



m=l n=l 

00 00 



m=l n=l 



(2.i3) log 9f{z) ~ i = - log ai - y 

9! ^ — ^ 



n 

n=l 



Hence, 6_ m) _ ra 's are Grunsky coefficients of 5/ and ^ n (w) is a polynomial 
of degree n in If we denote by z = Gt(w) the inverse of w = gf(z), 

and by z = F(w) the inverse of w = f(z), then 

F(w) = TTT"- 
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Equation (|2.5j) implies that 

Vniw- 1 ) = (G f ( W ) n )> 

or equivalently 

(2.14) * n (w) = (Gf(w~ 1 ) n )<o = (F(w)- n )< . 

Now we derive the counterparts of (|2.4[) . First, compare (|2.13|) to (|2.1[) and 
(f2~l)) . we have 

oo 

^n(5/(C)- 1 ) = C + n^6_ n ,_ m r m 

m=l 

or equivalently 

oo 

(2.15) *n(/(C)) = C" + n ]T fc-n.-mC- 

m=l 

Next, we put w = /(C) into (|2.1|) and compare with (|2.7|) . we obtain 

oo 

(2.16) $ n (/(C)) = n^6 n ,_ m C m . 

m=0 

Finally, putting ui = ^(C) into l|2.10j) . we have 

B (0 -/(--) _ £(C) + /W _ f ^M0) z „ 

C c «12 £j ™ 

Compare with (|2.7f> and using equations in ()2.9|) , we have 

00 

(2.17) *n(g(0) = -n6_„, + n b m ,- n C m . 

m=l 

For the convenience of next section, we gather again the formulas (|2.9|) . 
and the formulas of the Faber polynomials in terms of the Grunsky coeffi- 
cients (l2~Hl. (l2~T5l . (|2~lT)|) . (|2~T7|) . 

(2.18) 

lo s ^ = - E fo -^~ m , log ^ = - f; 6_ m , z m 

m=l m=0 

00 00 

$n(<?(0) =C + «E b nmC m , *»(/(0) = ^ n ,0 + n £ V—C 

m=l m=l 

00 00 

*M0) = -n6-n,0 + n J] ^,-nC" m , *n(/(C)) = C" + H ]T ^.-mC" ■ 

m=l m=l 

The analysis above can be extended formally to the whole space £ and S. 
All the Taylor (Laurent) expansions are considered as formal power series 
expansions. All the identities hold formally. 
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3. DlSPERSIONLESS HIERARCHIES AND TAU FUNCTIONS 

We quickly review dispersionless Toda (dToda), dispersionless coupled 
modified KP (dcmKP) and dispersionless KP (dKP) hierarchies and their 
tau functions. For details, see [S^ESIEHIEI]- For each of these dispersionless 
hierarchies, we give a new derivation of the dispersionless Hirota equation 
satisfied by the tau function, using the algebraic analysis we discussed in 
the previous section. We also prove that the dispersionless Hirota equations 
uniquely characterize the tau functions. 

3.1. Dispersionless Toda hierarchy. 

3.1.1. The hierarchy. The fundamental quantities in dToda hierarchy are 
two formal power series in p: 



C(p) =p + J2u n+1 (t)p- n , 

n=0 

oo 

C-\p) =U (t)P~ 1 + J2^+l(t)p n . 

n=0 

Here u n {t) and u n (t) are functions of the independent variables t n ,n € Z, 
which we denote collectively by t. The Lax representation is 3 

(3.1) |£ = {(£")>„, £}t, ^- = {(£-")<o, C} T , 

|£ = {(£")>o, £}t, = {(C' n )<o, C}t- 

Here {•, -}t is the Poisson bracket for dToda hierarchy 

{/ g} T =J^L^L p 9 ? 9g 
' dp dto dto dp ' 

There exists a function (fi(t) such that 

,oo\ d<p d(f> dcj) ~ 

(3 - 2) ^ = logn °' dT n = {c)o > m7 n = - {c )o 

and two functions ip = 5^^=i fnV~ n tp = XmLi ^PnP n such that 
C=e^ v p, C = e aA tp, 

V w p = - (C n )<o, V w = (C n )> , 

Vt_ n , v <p =(^~ n )<o V t _ B ,^0 = -(£- n )> - 

Here (ad/)(g) = {f,g} T , <fi is defined such that e adl ^ = e^e^ and 

p _^ (ad^)" 9B 

n=0 v ' 



^Here it is understood that p is a formal variable and does not depend on t. 
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The Orlov-Schulman functions are denned by 
(3.3) 

(oo \ oo oo 

J2 nt nP n + t = J2 nt ^ n + t° + Yl v n C ~ n i 
n=l / n=l n=l 

(oo \ oo oo 

- ^ nt. nP - n + t ="E ^-n~CT n + to-E 
n=l / n=l n=l 

There exists a tau function TdToda such that 

d log TdToda _ , 9 log r d Toda _ T 9 lo g T dToda _ ~T 

dt dt n ~ Vn > dt- n ~ Vn ' 

The tau function appears to be the dispersionless limit (leading term) of 
the tau function of a corresponding Toda hierarchy. The free energy of the 
hierarchy is defined by T = log TdToda • 



3.1.2. Dispersionless Hirota equation. The tau function generates the coef- 
ficients of C. More precisely, we have the following identities: 



(3.4) 



i r 1 d2:F r 

\ogp = log£ - ^ — C 

' m OtQOt m 
m=l 



°° 1 r) 2 T F) 2 T 00 1 f) 2 T 

(c n ) = c n - = _ y £ m 

-° ^ m dt n dt m dt dt n ^ m dt- m dt n 

m=l m=l 

, ~ s 2 ^ ^ i a 2 ^ ~ m 

iogp = io g £ + -- r - V - £ m , 

u m=l 

(£~ n )< = - 1 d 2 -? 7 £-m = £-n + _ 1 £ r 

^- ' m dt m dt- n ~' dtodt- n ^ m dt^ m dt^ n 

m=l m=l 



Now if we identify p with to, £ with z, then the first equation define w 
as a function of z. Obviously, it belongs to the space S. We identify this 
function with our w = g{z) in Section 2. In other words, C{p) is identified 
with the function z = G(w), the inverse of g. Similarly, the third equation 
defines w as a function of C, which belongs to S. We identify this function 
with w = f(z) or equivalently, C(p) is identified with z = F(w), the inverse 
of /. Under these identifications, we see that the Faber polynomials <& n (u;)'s 
are identified with (C n (w))>o, and Vl/ n (t/;)'s are identified with (C~ n {w))<Q. 
Now compare (j3.4|) with. (|2. 18|) , we find, that the Grunsky coefficierits h nrrL of 
the pair (g = w(C), f = w{C)) are related to the tau function or free energy 
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by 
(3.5) 



d 2 T 1 d 2 T 1 d 2 T 

"00 = Hl2~> »n,0 = — o, ! o_ n o = - a a , — , n > 1, 

OTq n ot ot n n ot ot_ n 



\ d 2 T , 1 

i a 2 ^ 



^m,n — Q , Q , j b— m — n — _ _ , n, m > 1, 

ran ot m ot n mn oi_ m ot_ n 



-m,n — "n,— m — , , 



n,m > 1. 



From (|3.4I) . we can express / and g in terms of the tau function or free 
energy: 

. A ^ 1 d 2 T \ (d 2 T ^ 1 ^ 

As before, we define gf{z) = l/f(z), then 



g f (z) = zexp 



z -m 



Hence rewriting the definition of the generalized Grunsky coefficients in 
terms of the tau function or free energy, we obtain the Hirota equation for 
dispersionless Toda hierarchy. Namely, from (J2.6|) . (j2.11j) . (|2.12f) . we have 

(3.6) * -p (- ± h^'j ~ - «* (- E ^ v) 

\ m=l / \ m=l / 

/ °° 1 Z) 2 ^ 

=(z 1 -z 2 )exp ^ 



. m,n=l 



mn dt m dt n ~ 1 J ' 



21^2 6XP I dtl ^ mdt dt m Zl ^ mdt- m dt Z2 

\ u m=l m=l 

/ v 1 d2j7 

exp I mndt m dt-n X 

\ m,n=l 



/ - 1 \ I ~ 1 ^ 

* iex ME™7»-^i - Z2exp A. 



m dt- m dt 1 \ i m dt-. m dt 

vm=l / \m=l 

, m,n=l 

We should understand these identities as defining a sequence of relations 
satisfied by the second derivatives of T by comparing the coefficients of 
z i niz 2 n on both sides. 
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Conversely, the tau function is uniquely characterized by these Hirota 
equations. 

Proposition 3.1. If T = logr is a function of t n , n^TL that satisfies the 
Hirota equations (j3.fi[) . then r is a tau function of a solution of the dToda 
hierarchy. More explicitly, if we define C(p) and C{p) by formally inverting 
the functions p(C) and p(C) defined by 

00 1 cP-T 

(3.7) logti C )=1 o e C-j:-—C-»>, 

m=l 



u m=l 



then (£, C) satisfies the Lax equations for dToda hierarchy. 

Proof. In the first part of the proof, we trace the reasoning above backward. 
We define the function g € £ and / G S 1 by 

~ 1 a 2 ^ _ , f(z) d 2 T ^ 1 d 2 T _ 

lo § = " -7i71^7- z ' lo § = 152- " — 75T Z 

Z m OtnOt m Z Otn 771 Ot- m Otr) 

m=l u m=l 

We define the generalized Grunsky coefficients of the pair (/, g) by the equa- 
tions (USD, USED- We also define g/(z) = then 

_ # J" , ^ 1 9 2 ^ _ 



ff/ z ^ ^ 1 

log ^ = ---2- + > - 



dt£ ^— ' m dt-mdtn 
u m=l 

In terms of g and 5/, the Hirota equations Q3.6|) read as 

log 9 ^ - 9 ^ = V 1 g2jP z -y 
zi - z 2 ^ mn dt m dt n 1 2 

m,n=l 

, A 1 \ A 1 9 2 ^ _ m _ n 

log 1 ; r ? r = > Zi m Zo n , 

V 9{zi)gf[Z2)J n f^ 1 mndt m dt_ n 



log g/(^l)-g/(^) _ ^ | y J_^!^ z -m z - 

zi - z 2 dtl ^ mndt- m dt- n 1 2 



Comparing with ((lO)]) . (|^|) . (P7TT|) . (j2HH> , we find the Grunsky coefficients 
in terms of J 7 are given by the equations in ()3.5|) . Hence if we define £{p) 
to be the inverse function of w = g(z), and C(p) to be the inverse function 



4 The coefficients of the functions p and p depend on t since they can be expressed 
as functions of second derivatives of T by exponentiating 13. 71 . The dependence of the 
coefficients of C and C on t are understood in the following way: They are inverses of p 
and p respectively. Their coefficients can be solved in terms of the coefficients of p and p 
and are hence functions of t. 
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of w = f(z) by replacing w with p, then the identities satisfied by the Faber 



polynomials of / and g (|2.18|) say that 
(3.8) 

$ n = (C n )> = C 



V 1 JO* c~ m 

m=l 

d 2 r 



m 



dt„dt 



oo 



d 2 T 

dt dt n 



m=l 



<0 



dt dt_ n 



^— ' m dt m dt- n 

m=l 



m dt_ m dt n 



OO -. 

E 1 

* — * rr, 



m=l 



Comparing the coefficients of p° term in the last equation, we have 



d 2 T 



dt dt- n 

Hence we can rewrite the last equation as 
(3.9) 



<o 



OO -. 

E 1 



d 2 T 



m=l 



dt m dt 



-£- 



£~ n + 



nv-" j —n 



d 2 T 
dt dt- n 



OO -. 

E 1 



d 2 T 



m=l 



dt-mdt 



-a 



m'~" j —n 



Now from ((577)1 . ((575)) and ((575)1 . we have 
(3.10) 

i dp(c) _ y, i a 3 ^ £ _ 

p(£) <9t n £ fixed ~ ^ rr " 

1 <9p(£) 



<9(/r 



>0 



p(£) dt- n 

i ap(£) 



£ fixed 



p(£) 0*n 

i dp(c) 



m=l 

oo 

E 

m=l 
d 3 .F 



m dt n dtodt m 

1 a 3 J" 
m dt- n dtodt m 

x ; a 3 ^ 



5t 

a(£~ n ) 



£ fixed 



<0 



0*n 



£ fixed 



£ fixed dt n dt 2 







^— » nr. 



d 3 F 



p(£) 5t_ n £fixed dt- n d1% 



m=l 

oo 



m dt n dtodt-, 
d 3 F 



d(C n )>o 



E 1 



m=l 



dt- n dtQdt 



-£ % 



dt 
d(£- n 



£ fixed 
)<0 



dt 



o 



£ fixed 



On the other hand, since p o £ is the identity function in p, by chain rule, 
we have 



(3.11) 



dp(£) d£ dp(£) 
d£ ~dt + dt 



£ fixed 



0, 



and similarly for £. Here t is any of the independent variables. Hence 



d£ 

dt n 



d£ dp{£) 



dp dt Tl 
d£ fd(£ n ] 



£ fixed 



-P 



d£ d(£ r 



}>o 



>0 



dp \ dto 
{(£ n )> ,£} T , 



dp dto 
d{£ n )> d£ 
d£ dta 



£ fixed 

d(£ n )> d£ d£d(£ n )> 



p 



dp dto dp dto 
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which is the first one of the Lax equations (|3.1j) . The other equations are 
derived in the same way from (|3,10|) . □ 

Remark 3.2. The equations in (|3.10j) are sometimes taken to be the definition 
of dispersionless Toda hierarchy. 

There are two variants of the dToda hierarchy that we would like to 
discuss here. Let (£, £) be a solution of the dToda hierarchy and <p be the 
function defined by (|3.2j) . then we can make a Miura-type transformation 
(Lemma 2.1.3 in 23 j) and define £ = e" ad ^£, £ = e'^l. Then they 
are of the form 

oo oo 

£'0) =U p + ^ u'n+li^P' 11 = U P + ^2 U n+l{t)(uoPr n , 
n=0 n=0 

oo oo 

C'-\p) =p~ 1 + u' n+1 {t)p n =p- 1 + Y, u n+1 (t){u QP ) n , 

n=0 n=0 

and satisfy the Lax equations 

BC BC 

^- = {((£T)>o, c'} T , = {((£'r n ))<o, £} T , 

BC' ~ BC' 

— = {((c'Tho, ^ = {((cT n )<o, £} T . 

Now the dressing functions for £ and £ are tp' and (p' respectively, where 
e acV = g-ad^gad^p and g ad y = & - ad 4, g ad q> _ The Orlov-Schulman functions 

M' and M! are defined as in ()3.3|) . and we find that 

oo oo 

M' = e-^M = J2 nt n (£) n + t + £ ^(£T n , 

OO CO 

A4' = e" ad ^ = - nt- n (£)- n +to~J2 Vn(£~T- 

n=l n=l 

In particular, the functions u^'s and v^'s are not changed. Hence the tau 
function is the same. If we look at this transformation from the point of view 
of conformal maps, what it amounts to is the pre-composition of z = G(w) 
and z = F(w) with the linear map w \— > uqw {uq = a±, the leading coefficient 
of f{z)). Hence for the inverse function, we have 



u u 



From these and the definition of the Grunsky coefficients, it is quite obvious 
that the Grunsky coefficients are not changed. In terms of the tau function, 



11 



LEE-PENG TEO 



we now have 



p(C') = g'(L') = £'exp -<LL - £ 

> OTn "1 OtnOtm 

u m=l 



and the dispersionless Hirota equations for (£',£') assume the same form 

(jHU) . 

Another variant of the dToda hierarchy is the one favored by Wiegmann 
and Zabrodin in association with conformal maps |25| I16| I13j . Now the 
Miura type transformation is defined as £ = e~ ad<?i / 2 £, C' = e _ad< ^/ 2 £. 
Then they are of the form 

00 00 
C'(p) =rp + <+l{t)P~ n =rp+Y, u n+ i(t)(r P y n 

n=0 n=0 

00 00 

C'-\p) =rp~ l + Y J u' n+1 {t)p n = rp- 1 +J2^n + l(t)(r P T, 

n=0 n=0 

where r is a square root of uq. The Lax equations become 5 
dC dC 

= {1in,£'}T, TTT = {W n ,£'}T, 

dL' ~ dC' 

n n = ((£') n )>o + ^(0c') n )o, Hn = ((c'r n )<o + \{(c'r n )*- 

This version has the advantage that the roles of C and £ are symmetric. 
The same discussion above shows that the tau function and dispersionless 
Hirota equations assume the same form but now 

/ 1 f) 2 T 22. 1 FfiT \ 



p(£') = /'(£') = £'exp ^ - £ -t^V^"' 

> 2 9tn , mdt- m dt 

u m=l 



We can also view the dispersionless Hirota equations as a consequence of 
the definition of the Grunsky coefficients for the pair (g,gf). Prom this point 
of view and our discussion above, we readily see that if (£, £) is a solution 
to the first version of the dToda hierarchy, then the pair (£',£'), where 
C'ip) = £(l/p) _1 , JC'ip) = C{l/p)~ l is a solution to the second version of 
the dToda hierarchy, if we redefine the independent variables as t' n = i_ n 
and t /n = t<n . 



^Notice that the t n in |25| is the complex conjugate of t n . It amounts to — t_ n here. 
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3.2. Dispersionless (coupled) modified KP hierarchy. We define the 
dispersionless coupled modified KP hierarchy (dcmKP) in [23]. Here we are 
only interested in a special case. (In the notation in [2l], it is the case where 
V = k.) 

3.2.1. The hierarchy. The fundamental quantity is a formal power series 

C = k + Y,U n +l{t)k- n , 
n=0 

with coefficients depending on the parameters t = (x, to, t\, ti . . .). The Lax 
representation of the dcmKP in our special case here is 

d£ r,„«s dC 1 dC 

< 3 - 12 > *-- ><(n>«x), »>i; wr - k ^. 

Here {•,•} is the Poisson bracket defined as {f,g} = |{|f - §|§§. The 
n = 1 flow of the hierarchy says that 

dC_d£ 

dti dx ' 

Hence all the dependence on t\ and x appears in the form t\ + x. There 
exists a dressing function ip = J2^=o Pnityk -11 and a function (f>(t) such that 

(3.13) C = e^k, |£ = (£") , n>l, 

dt n 

V tni¥ ,(/? = -(£ n )< , n>l; = logfc - log£. 

Here (ad/) (g) = {f,g}. The Orlov-Schulman function is defined as 

(oo \ oo oo 

nt n k n - 1 + x + I = ntnC n ~ l + * + | + E VnCT n ~\ 
n=l / n=l n=l 

There exists a tau function r such that 

d log t d log r 

— — — = v n > 1, — — — = 0. 

5t„ dt Q 

We define the free energy of the hierarchy by T = logr. 

3.2.2. Dispersionless Hirota equation. In terms of the tau function or the 
free energy, we have the following identities: 

00 1 d 2 T 

(3.14) logfc = log£ _ E 

m=l 

d 2 T °° 1 r) 2 ^ 

> dt dt n ^ m dt n dt m 

m=l 

From the second equation, we also have 

00 1 d 2 T 

(3.15) oc")> = £ n - -^rir c ~ m - 

^ m dt n dt m 

m=l 
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Now we identify k with w and C with z. The first equation in (|3.14|) defines 
to as a function of z, which we denote by g(z): 

( °° 1 f) 2 T \ 

\ ?Ti=l " / 

Obviously, g £ S. The Faber polynomials $ n for 5 are then identified with 
(£ n )>o- Comparing 1)2.4(1 to (|3.15j) . we find that the Grunsky coefficients of 
g(z) are related to the tau function or the free energy by 

1 d 2 T 

(3.17) b mn 



mn 



dtm.dtr 



Together with (|3.16|) . we can rewrite the definition of the Grunsky coeffi- 
cients ([2 .3(1 as 



(3 - 18) — {-tl^rjA - W -Ei^ 



, . ^ 1 _ 



_ ''m , -"'n 

1 m,n=l 



which is the dispersionless Hirota equation for this special case of dcmKP 
hierarchy. 

Conversely, we can characterize the tau function for dcmKP hierarchy as: 

Proposition 3.3. If T = logT is a function of t n , n > that satisfies the 
Hirota equation (|3.18j) and 

d 3 log r 

then t is a tau function of a solution of the dcmKP hierarchy. More ex- 
plicitly, if we define C{k) by formally inverting the function k(£) defined 
by 



(3.20) Y*W = **t-Y.^-£&- 

m=l 



and replacing t\ by t\ + x, then C satisfies the Lax equations 1)3. 12[) for 
dcmKP hierarchy. 

Proof. The proof is almost the same as the case of dToda. Identifying C 
with z, we define the function g(z) S S by 

00 1 d 2 T 
log g{z) = logz - V — z~ m . 

^ m dt dt m 

m=l 
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The dispersionless Hirota equation (|3.18|) then read as 



log 



g(zi) - g(z 2 ) 
z\ - z 2 



oo 1 

E - 



d 2 T 



m,n=l 



mn dt m dt n 1 



Comparing with the definition of the Grunsky coefficients of g given by 
equation (|2,3[) . we find that the relation between the Grunsky coefficients 
and free energy is given by (|3.17j) . Let z = G(w) be the inverse of g(z). 
Then G(w) is the function C{k) defined by (|3.2U|) if we identify k with w. 
The Faber polynomials of g(z) is then identified with (C(w))>q. We can 
then rewrite the identity satisfied by the Faber polynomials (j2.4[) in terms 
of the free energy by 



(£ n )>o 



From (|3.20j) . we also have 

d 2 T 



00 1 f) 2 T 



m=l 



rn 



dtmdtr 



dt n dt 



Res£ n dlogk = (£ n ) . 



Hence 
(3.21) 



d 2 T 

dt n dt 



00 1 f) 2 T 



m=l 



m dt m dt 

I. 



From ()3.2(Jj) and the n = 1 case in (|3.21|l . we have 



1 dk 



C fixed 



00 1 

E- 



d 3 T 



Ok 



' m dt m dtodti dtc 



C fixed 



We have used (£)>o = k and (|3.19|) . Using the identity ()3.11j) (with p 
replaced by k), it follows that 

dx dt\ dto 

This gives the second equation in the Lax equations ()3.12j) . Using the n = 1 
case in (|3,21[) and (£)>o = k again, we have 



dk 
dt n 



d 2 T 



£ fixed &tldt n dto 



00 1 

E 1 

^— » rr. 



d 2 T 



m=l 



m dt m dt n dt\ 



d(C n ] 



>o 



which by ()3.11|) is equivalent to 
dC _ _ dC d{£ n ) >0 

dt n 



dk dh 

--{(n>o,£}- 



C fixed 



dC f d{C n ) >0 
dk V dx 



dh 

d{£ n ) >0 dC 
dC dx 



C fixed 



□ 



Compare the dispersionless Hirota equations for dToda and dcmKP hier- 
archies, we immediately have 
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Corollary 3.4. If (C,C) is a solution to the dToda hierarchy (|3.1j) . and 

9 Q^y° = 0, then £ is a solution to the dcmKP hierarchy (|3.12|) . when we 
replace t\ by t\ + x and regard the t- n 's, n > 1 as parameters. The tau 
function for the dToda hierarchy is the tau function for the corresponding 
dcmKP hierarchy. 

Proof. In |24| . we proved this proposition by comparing the Lax equations. 
Here we just notice that the first equation in the Hirota equations for dToda 
(|3.6j) is identical with the Hirota equation for dcmKP (|3,18|) . The result 
follows from the proposition above. 

□ 



3.3. Dispersionless KP hierarchy. . This is the most well known case. 
The dispersionless Hirota equation for dKP hierarchy was first derived as the 
quasi-classical limit of the differential Fay identity by Takasaki and Takebe in 
|23| . see also the work of Carroll and Kodama [Sj. Here we derive the Hirota 
equation along the same line as we do for dToda and dcmKP hierarchies. 



3.3.1. The hierarchy. The fundamental quantity in dKP hierarchy is a for- 
mal power series 



C = k + y~]u n+ i(t)k~ 



n=l 

with coefficients depending on the independent variables t = (x,t±,t2, . . .). 
The Lax equation is 

(3-22) ^. = {{n > ,C}. 

Here the Poisson bracket is the same as in the dcmKP hierarchy. Also, 
the first equation n = 1 of the hierarchy says that the dependence on t\ 
and x appears in the combination t\ + x. There exists a dressing function 
if = ^2^Li tp n k~ n such that 

C = e^k, V tn ^ = -{C n ) <0 . 

With this dressing function, the Orlov-Schulman function is defined by 

(oo \ oo oo 

nt n k n - x + x = nt n C n - 1 + x + Y VnC~ n '\ 
n=l / n=l n=l 

There exists a tau function r such that 

<91ogT 

Ot n 

We define the free energy by J- = log r. 
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3.3.2. Dispersionless Hirota equation. In terms of the tau function or the 
free energy, we have the following identities: 

(3.23) (c n u = c n - E -7^r £ ~ m - 

m=l 

Now we identify k with w and £ with z, the function z = G(w) is defined 
to be C(k), and the function w = g{z) G So the inverse of G(w). Then 
the Faber polynomials 3> n (w) of g are identified with (£ n (u;))>o. Define 
the Grunsky coefficients of g by equation (|2.3|) . then comparing (|2.4j) with 
(|3.23|) . we find the relation between the Grunsky coefficients and the free 
energy is given by 

1 d 2 T 

(3.24) b mn 



mn dt m dt n 

From the n = 1 case of equation 1)3.23 J) and the fact that (£)>o = k, we have 

^ m ot m dt\ 

m=l 

Using this, and l)3.24|) . we can rewrite the definition of the Grunsky coeffi- 
cients ()2.3)l in terms of the free energy: 

(3.25) 



oc 



1 — — y ^'" 2 " 1 ^ 7 : = exp y J__^i % — z -- 

z\ - 22 1 m ot m dti \ ^ mn dt m dt n 

m=l \m,n=l 

which is the dispersionless Hirota equation for dKP. 

Conversely, we can characterize the tau function for the dKP hierarchy 
as follows: 

Proposition 3.5. If J 7 = logT is a function of t n , n > 1 that satisfies 
the Hirota equation ()3.25j) . then r is a tau function of a solution of the 
dKP hierarchy. More explicitly, if we define C{k) by formally inverting the 
function k(£) defined by 

00 1 PP-T 

(3.26) k(C ) = c-J2 ± w^r c ~ m ^ 

^ TO dtidtm 
m=l 



an 



d replacing ti by t\ +x, then C satisfies the Lax equations ()3.22)) for dKP. 



Proof. The proof follows the same idea as Propositions I3.ll and I3.3I We 
define the function g £ So by identifying C with z in ()3.26)) . namely 

m=l 
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Hence the dispersionless Hirota equation 1)3.25)) says that 

(3.27) log f; -/^-P- 

m,n=l 

Compare with the definition of the Grunsky coeffcients b mn (|2.3() of g, we 
find that the b mn can be expressed in terms of the free energy by (|3.24|) . 
Now define z = G(w) to be the formal inverse of w = g(z). In other words, 
G(w) is C(k) if we identify k with w. Then the Faber polynomials <& n (w) of 
g are identified with (C n (k))>Q. Hence the identities satisfied by the Faber 
polynomials 1)2.4)1 can be rewritten as 

(3.28) (C n ) >0 = C n -V] -^-C 



m dt m dt, 



Fixing differentiate the n = 1 case with respect to t n and compare to the 
result when we differentiate the n case with respect to t\, we have 



Ok 



T- 

3t n r«™A rr, 



d 3 F c - m _ d(£ n )>o 



£ fixed *-^ mdt m dtidt n dt\ 



C fixed 



m=l 

The same argument as in Proposition 13.31 gives the Lax equation 1)3. 22j) of 
dKP. 

□ 

From this characterization of the tau functions, we can also see that a 
solution of the dcmKP hierarchy will give rise to a solution of the dKP 
hierarchy. 

Corollary 3.6. // 

CO 

n=0 

is a solution of the dcmKP hierarchy, then 

oo oo 

C ' = k + U 'n+l k ~ n = k +Yj Un + l{k " n l)"" 
n=l n=l 

is a solution of the dKP hierarchy, where we regard to as a constant. More- 
over, C and £ have the same tau function. 

Proof. In [5J I24j , this was proved via a Miura map 

£ = e ad ^£ to relate C 

and £, where (ft is defined in ()3.13j) . Here we give a proof in terms of tau 
functions. 

Since C = k + X^^Lo u n+\k~ n is a solution of the dcmKP, the free energy 
of T satisfies the dispersionless Hirota equation (|3.18|) . Taking the limit 
Z2 —* oo in ()3.18j) . we obtain the relation 



/ « 1 d 2jr \ d 2jr ~ ! Q2j: 



mdtftdt m ~ l ) dtndti mdt m dt\ 1 

m=l / m=l 
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or 

/ - 1 d 2jr \ Q2jr ~ 1 Q2 T 

zexp - > — — — — — z m = z - — — > — - — — z m . 

\ ^-^ m OtnOt m / OtnOti ^— ' m ot m oti 

\ m=l / m=l 

Substituting this into the Hirota equation (|3.18j) again, we obtain 

_ V z AJl?l_ d2 T - ( V 1 92jr 

Zl Z2 m dt m dti Zl Z2 e ^ 1 mn dt m dt r 

m=l \m,n=l 

which is equivalent to the dispersionless Hirota equation for dKP (|3.25|) . 
Hence, from Proposition 13.51 above, the function £ defined by inverting 

' m ot m oti 

m=l 

is a solution of the dKP hierarchy. Now since the inverse k of C(k) satisfies 

ur\ = r _ d2jr _ V 1 d2jr rr m 

K ' dt dh ^ m dtmdh 

m=l 

and Q tQ Q ti = ui, we find that 

00 

jO' = k + J2 u n+l(k-Ui)- n . 
n=l 

□ 

Remark 3.7. The proof of this corollary also shows that the dispersionless 
Hirota equation for dcmKP implies the dispersionless Hirota equation for 
dKP. 



4. Concluding remarks 

We extend the definition of Grunsky coefficients and Faber polynomials 
formally to the space of formal power series. We have shown that the tau 
function or free energy of dToda, dcmKP and dKP hierarchies are closely 
related to Grunsky coefficients. We rederive the dispersionless Hirota equa- 
tions and prove that they uniquely characterize the tau functions associated 
to a solution of the hierarchies. This might be helpful in classifying the 
solutions of the hierarchies. We also establish a link between these three 
dispersionless hierarchies. The transformation that relate the three versions 
of the dToda hierarchies and the Miura map that transform a solution of the 
dcmKP hierarchy to a solution of the dKP hierarchy are just the linear maps 
that relate the three spaces of formal power series we discuss in Section 2. 

Given any formal power series / G S, g G S, if we define J mri 's as 

Fm,n = -|mn|6 TO) „, m ^0,n/0, 

Fmfi = ^0,m = \m\b m fl, 771 / 0, ^0,0 = ~ &0,0> 



22 



LEE-PENG TEO 



where & TOn 's are the Grunsky coefficients associated to the pair (f,g), then 
^m.n's satisfy the dispersionless Hirota equations (|.3.6|) . (j3.18|) and 1)3.25(1 if 
we replace g f £ by T m ^ n . In Sorin and Bonora proved that the Neu- 
mann coefficients that appear in string field theory satisfy the dispersionless 
Hirota bilinear equations. By definition, the Neumann coefficients coincide 
with the Grunsky coefficients b m ^ n defined above. This explain their results. 
However, it is still an open question to find a function T such that 

dt dt ~ J ~ m < n - 

In [53], Wiegmann and Zabrodin provided a solution to this problem (see 
also |131 1161 I26j ) when G, the inverse function of g is an analytic function 
that maps the outer disc {\z\ > 1} to the exterior of an analytic curve, and 
f(z) = l/g(z~ 1 ). It will be interesting to solve the general problem. 
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